
No. 169   September 2017

HHL Working Paper

Resolution of Solutions and  
the Multilinear Extension of  
Cooperative Games 

André Casajusa, Frank Huettnerb 
a Prof. Dr. André Casajus is a Research Professor at the Chair of Economics and Information  
  Systems at HHL Leipzig Graduate School of Management, Leipzig, Germany  
  Email: andre.casajus@hhl.de
 
b Dr. Frank Huettner is a postdoctoral researcher in management science at ESMT European 
  School of Management and Technology, Berlin, Germany 

Abstract
We provide new formulae for the resolution of solutions for cooperative games and their poten-
tials that use the multilinear extension of coalitional games with transferable utility.



Resolution of solutions
and the multilinear extension of cooperative games✩

André Casajusa,�, Frank Huettnerb

aHHL Leipzig Graduate School of Management, Jahnallee 59, 04109 Leipzig, Germany
bESMT European School of Management and Technology, Schlossplatz 1, 10178 Berlin, Germany

Abstract

We provide new formulae for the resolution of solutions for cooperative games and their
potentials that use the multilinear extension of coalitional games with transferable utility.

Keywords: Shapley value, decomposition, resolution, potential, multilinear extension
2010 MSC: 91A12 JEL: C71, D60

1. Introduction

The Shapley value (Shapley, 1953) is probably the most eminent one-point solution
concept for cooperative games with transferable utility (TU games). Besides its original
axiomatic foundation by Shapley himself, alternative foundations of di¤erent types have
been suggested later on. Important direct axiomatic characterizations are due to Myerson
(1980) and Young (1985). Hart and Mas-Colell (1989) suggest an indirect characterization as
marginal contributions of a potential (function).1 Roth (1977) shows that the Shapley value
can be understood as a von Neumann-Morgenstern utility. As a contribution to the Nash
program, which aims at building bridges between cooperative and non-cooperative game
theory, Pérez-Castrillo and Wettstein (2001) implement the Shapley value as the outcomes
of the sub-game perfect equilibria of a combined bidding and proposing mechanism, which
is modeled by a non-cooperative extensive form game.2

Recently, Casajus and Huettner (2017) suggest the decomposition of solutions as a tool
to support the Shapley value based on the �naïve solution�that assigns to each player her
marginal contribution to the coalition of all others. A solution  decomposes a solution
' if it splits ' into direct and indirect contributions in the following sense. A particular
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player�s payo¤ for ' is the sum of her payo¤ for  (direct contribution) and what the
other players gain or lose under  when this particular player leaves the game (indirect
contribution). That is, the indirect contributions re�ect what a player contributes to the
other players�direct contributions. The property of a solution to be decomposable, i.e., to
admit a decomposer is equivalent to a number of other well-known properties of solutions
Casajus and Huettner (2017, Theorem 4): balanced contributions (Myerson, 1980), path
independence (Hart and Mas-Colell, 1989), consistency with the Shapley value (Calvo and
Santos, 1997), and admittance of a potential (Calvo and Santos, 1997; Ortmann, 1998). It
turns out that the Shapley value is the unique decomposable decomposer of the naïve solution
Casajus and Huettner (2017, Theorem 3). More generally, any decomposable solution '
admits a unique decomposable decomposer Casajus and Huettner (2017, Proposition 2) and
therefore a unique resolution, i.e., a sequence of solutions starting with ' itself and such that
any member of this sequence is decomposed by its successor Casajus and Huettner (2017,
Theorem 7(i)).
Owen (1972) introduces the multilinear extension of a TU game. The domain of this

extension is the standard cube, representing the players�probabilities of participating in
the generation of worth. He obtains the Shapley value as the integral of partial derivatives
of the multilinear extension alongside the diagonal of the standard cube. This formula is
particularly useful when computing the Shapley value for large (voting) games (Owen, 1972;
Leech, 2003). Casajus and Huettner (2015) show that the potential of the Shapley value can
be expressed as the integral of the total derivative of the multilinear extension alongside the
diagonal of the standard cube.
In this paper, we generalize the above mentioned results of Owen (1972) and Casajus and

Huettner (2015). We express the members of the resolution of the Shapley value and of any
other decomposable solution in terms of the partial derivatives of the multilinear extension
alongside the diagonal of the standard cube. Moreover, their zero-normalized potentials can
also be expressed in terms of the total di¤erential.
This note is organized as follows. Basic de�nitions and notation are given in the second

section. In the third section, we provide the de�nitions and results on the decomposition
and resolutions of solutions. The fourth section contains our new results. Some remarks
conclude this note. The proof of our main result is contained in the appendix.

2. Basic de�nitions and notation

A (TU) game on a �nite player set N is given by a characteristic function v : 2N ! R,
v (;) = 0. The set of all games on N is denoted by V (N). Let N denote the set of all �nite
player sets.3 The cardinalities of S; T;N;M 2 N are denoted by s; t; n; and m, respectively.
For T � N; T 6= ;; the game uT 2 V (N) given by uT (S) = 1 if T � S and uT (S) = 0

otherwise is called a unanimity game. As pointed out in Shapley (1953), these unanim-

3We assume that the player sets are subsets of some given countably in�nite set U, the universe of players;
N denotes the set of all �nite subsets of U.
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ity games form a basis of the vector space4 V (N) ; i.e., any v 2 V (N) can be uniquely
represented by unanimity games,

v =
X

T�N :T 6=;

�T (v) � uT : (1)

where the Harsanyi dividends �T (v) can be determined recursively via �T (v) = v (T )�P
S(T :S 6=; �S (v) for all T � N; T 6= ; (see Harsanyi, 1959).
A solution/value is an operator ' that assigns a payo¤ vector ' (v) 2 RN to any

v 2 V (N), N 2 N : The Shapley value (Shapley, 1953) distributes the dividends �T (v)
equally among the players in T , i.e.,

Shi (v) :=
X

T�N :i2T

�T (v)

t
(2)

for all N 2 N ; v 2 V (N) ; and i 2 N: A solution is e¢ cient if
P

i2N 'i (v) = v (N) for all
N 2 N and v 2 V (N) :
In this paper, we consider situations where some players leave the game. For v 2 V (N)

and M � N , the restriction of v to M is denoted by vjM 2 V (M) and is given by
vjM = v (S) for all S �M ; for v 2 V (N) and M � N , the game without the players in M ,
v�M 2 V (N nM) ; is given by v�M = vjNnM . Instead of v�fig, we write v�i.

3. Decomposition, resolution, and potential

In order to identify the direct and the indirect contributions of players with respect to
a given solution, Casajus and Huettner (2017) introduce the notion of a decomposer of a
solution.

De�nition 1. A solution  is a decomposer of the solution ' if

'i (v) =  i (v) +
X

`2Nnfig

�
 ` (v)�  `

�
v�i
��

(3)

for all N 2 N ; v 2 V (N) ; and i 2 N . A solution ' is called decomposable if there exists
a decomposer  of '.

In this de�nition, the expression  i (v) re�ects player i�s direct contribution under the
solution ', while the expression

P
`2Nnfig [ ` (v)�  ` (v

�i)] re�ects player i�s direct contribu-
tions, i.e., her contribution to the direct contributions of the other players. In order to study
higher-order indirect contributions, i.e., player i�s contributions to player j�s contributions
to player k; for example, Casajus and Huettner (2017) consider resolutions of solutions.

4For v; w 2 V (N) and � 2 R; the games v + w 2 V (N) and � � v 2 V (N) are given by (v + w) (S) =
v (S) + w (S) and (� � v) (S) = � � v (S) for all S � N:
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De�nition 2. A resolution of a solution ' is a sequence
�
'(k)

�
k2N of solutions such that

'(0) = ' and '(k+1) is a decomposer '(k) for all k 2 N. If a resolution exists for a solution,
then the latter is called resolvable.

It turns out that decomposability and resolvability are equivalent and that a resolution,
if it exits, is unique (Casajus and Huettner, 2017, Proposition 5 and Theorem 7(i)). There-
fore, the solution '(k) is called the kth decomposer of ': Casajus and Huettner (2017,
Theorem 7(ii)�(iv)) show that the resolution of any decomposable solution ' is given as
follows. For all k 2 N; N 2 N ; and v 2 V (N) ; we have

'(k) (v) = Sh(k) (v') ; (4)

where the resolution of the Shapley value is given by

Sh
(k)
i (v) =

X
T�N :i2T

�T (v)

tk+1
for all i 2 N (5)

and v' 2 V (N) is de�ned by

v' (S) =
X
`2S

'` (vjS) for all S � N: (6)

By Casajus and Huettner (2017, Theorem 4), decomposability is equivalent to the ad-
mittance of a potential (Calvo and Santos, 1997; Ortmann, 1998): There exits a map-
ping (the potential) P : [N2NV (N) ! R such that 'i (v) = P (v) � P (v�i) for all
N 2 N ; v 2 V (N) ; and i 2 N: If a solution ' admits a potential P , then its unique
zero-normalized potential P' is given by P' (v) := P (v) � P (;) for all N 2 N and
v 2 V (N) :5

4. Resolutions and the multi-linear extension

Themultilinear extension (Owen, 1972) �v : [0; 1]N ! R of v 2 V (N) ; N 2 N is given
by

�v (x) =
X

S�N :S 6=;

v (S) �
Y
i2S

xi
Y
i2NnS

(1� xi) for all x 2 [0; 1]N : (7)

Owen (1972) shows that the Shapley value can be calculated using the partial derivatives of
the multi-linear extension as follows: For all N 2 N ; v 2 V (N) ; and i 2 N; we have

Shi (v) =

Z 1

0

@�v

@xi
(�; �; : : : ; �) d�: (8)

5A potential P is zero-normalized if P (;) = 0 for ; 2 V (;).
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That is, the Shapley payo¤s are the of the players�expected marginal productivities along
the diagonal of the standard cube representing the players�probabilities with the uniform
distribution on the diagonal.
Casajus and Huettner (2015) show that the potential of the Shapley value can be ex-

pressed as the integral of total derivative of the multilinear extension alongside the diagonal
of the standard cube as follows: For all N 2 N and v 2 V (N) ; we have

P Sh (v) =

Z 1

0

� ln � � d�v (�; �; : : : ; �)
d�

(�) d�: (9)

Instead of taking the expected total derivative for the uniform distribution on the diagonal,
formula (9) applies a distribution on the interval [0; 1] with density � ln �: That is lower
� are more probable than higher �: They also obtain formulae for the potential that use
uniform distributions on this interval: For all N 2 N and v 2 V (N) ; we have

P Sh (v) =

Z 1

0

Z 1

0

d�v (�; �; : : : ; �)

d�
(�1 � �2) d�1d�2: (10)

In the following, we generalize (8), (9), and (10) to arbitrary decomposable solutions and
their (higher-order) decomposers. First, we deal with the resolution of the Shapley value.

Theorem 3. For all N 2 N ; v 2 V (N) ; i 2 N; and k 2 N; we have

Sh
(k)
i (v) =

Z 1

0

(� ln �)k

k!

@�v

@xi
(�; �; : : : ; �) d� (11)

=

Z 1

0

Z 1

0

: : :

Z 1

0

@�v

@xi

�Qk+1
`=1 �`;

Qk+1
`=1 �`; : : : ;

Qk+1
`=1 �`

�
d�1d�2 : : : d�k+1 (12)

and

P Sh
(k)

(v) =

Z 1

0

(� ln �)k+1

(k + 1)!

d�v (�; �; : : : ; �)

d�
(�) d� (13)

=

Z 1

0

Z 1

0

: : :

Z 1

0

d�v (�; �; : : : ; �)

d�

�Qk+2
`=1 �`

�
d�1d�2 : : : d�k+2: (14)

By (4) and Lemma 5, the following corollary is immediate from Theorem 3.

Corollary 4. Let the solution ' be decomposable. For all N 2 N ; v 2 V (N) ; i 2 N; and
k 2 N; we have

'
(k)
i (v) =

Z 1

0

(� ln �)k

k!

@�v'

@xi
(�; �; : : : ; �) d� (15)

=

Z 1

0

Z 1

0

: : :

Z 1

0

@�v'

@xi

�Qk+1
`=1 �`;

Qk+1
`=1 �`; : : : ;

Qk+1
`=1 �`

�
d�1d�2 : : : d�k+1 (16)
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and

P'
(k)

(v) =

Z 1

0

(� ln �)k+1

(k + 1)!

d�v' (�; �; : : : ; �)

d�
(�) d� (17)

=

Z 1

0

Z 1

0

: : :

Z 1

0

d�v' (�; �; : : : ; �)

d�

�Qk+2
`=1 �`

�
d�1d�2 : : : d�k+2: (18)

5. Concluding remarks

In this paper, we provide new formulae for the resolutions of decomposable solutions
and the potentials of their members. Along the lines of Owen (1972) and Leech (2003),
one can use these formulae in order to approximate resolutions and their potentials of large
voting games. This is particularly interesting in view of Casajus�(2014) proposal to use the
potential as a measure of (total) power6 in voting games.
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Appendix A. Proof of Theorem 3

We prepare the proof by two lemmas.

Lemma 5. Let the solution ' be decomposable. For all k 2 N; N 2 N ; and v 2 V (N) ; we
have

P'
(k)

(v) =
X
i2N

'
(k+1)
i (v) for all N 2 N and v 2 V (N) : (A.1)

Proof. The mapping P : [N2NV (N) ! R de�ned by the right-hand side of (A.1) gives
P (;) = 0 for ; 2 V (;) : Since '(k+1) is a decomposer of '(k), it is immediate that P (v) �
P (v�i) = '(k); i.e., P is the unique zero-normalized potential of '(k): �
Lemma 6. Let m 2 N; m > 0 and X1; X2; : : : ; Xm independent random variables on [0; 1] ;
each with uniform distribution. Then, their product is a probability distribution on [0; 1]
given by the probability function Fm;

Fm (x) = x �
mX
`=1

(� lnx)`�1

(`� 1)! for all x 2 [0; 1] .

The density function dm of Fm is given by

dm (x) =
(� lnx)m�1

(m� 1)! for all x 2 [0; 1] .

6Actually, Casajus (2014) suggests to use the potential of the Shapley value as a measure of power
concentration. This is problematic for the following reason. In all symmetric games, the concentration of
power is the same, while their potential may di¤er.
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Proof.We proceed by induction on m:
Induction basis: For m = 1, the claim is immediate.
Induction hypothesis (IH): Let the claim hold for m 2 N:
Induction step: Let x 2 [0; 1] : We have

Fm+1 (x) = Fm (x) +

Z 1

x

x

t
dFm (t)

IH
= x �

mX
`=1

(� lnx)`�1

(`� 1)! + x �
Z 1

x

(� lnx)m�1

(m� 1)! � 1
x
dt

= x �
mX
`=1

(� lnx)`�1

(`� 1)! + x � (�1)
m�1

(m� 1)! �
�
�(lnx)

m

m

�

= x �
m+1X
`=1

(� lnx)`�1

(`� 1)! ;

and

dm+1 (x) =
dFm+1

dt
(x)

=
m+1X
`=1

(� lnx)`�1

(`� 1)! + x �
m+1X
`=1

(�1)`�1

(`� 1)!
d ln`�1 x

dx

=
m+1X
`=1

(� lnx)`�1

(`� 1)! +

m+1X
`=2

(�1)`�1

(`� 2)! � ln
`�2 x

=
(� lnx)m

m!
;

which proves claim. �
In view of Lemma 6, equation (12) drops from (11). Since

d�v (�; �; : : : ; �)

d�
(�) =

X
i2N

@�v'

@xi
(�; �; : : : ; �) for all N 2 N ; v 2 V (N) ; and � 2 [0; 1]

and by (4), equations (13) and (14) drop from (11) and (12), respectively.
Let N 2 N and k 2 N. Since the multi-linear extension, its partial derivatives, and the

integral (11) is linear in v; it su¢ ces to show the claim for all uT 2 V (N) ; T � N; T 6= ;.
Fix T � N; T 6= ;: By (7), we have �uT (x) =

Q
`2T x` and therefore

@�uT
@xi

(�; : : : ; �) =

�
�t�1; i 2 T;
0; i 2 N n T = �t�1 for all (�; : : : ; �) 2 [0; 1]N . (A.2)

For i 2 N n T; we obtainZ 1

0

(� ln �)k

k!
� @�v
@xi

(�; : : : ; �) d�
(A.2)
= 0 = Sh

(k)
i (uT ) ;
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where the second equation drops from (5). For i 2 T; we obtainZ 1

0

(� ln �)k

k!
� @�v
@xi

(�; : : : ; �) d�
(A.2)
=

Z 1

0

(� ln �)k

k!
� �t�1d�

=
1

tk+1
� �t �

kX
`=0

(�t � ln �)`

`!

�����
1

0

=
1

tk+1
= Sh

(k)
i (uT ) ;

where the second equation drops from

d

d�

 
1

tk+1
� �t �

kX
`=0

(�t � ln �)`

`!

!
= �t�1 � (�1)

k � lnk �
k!

;

the third one from

lim
�#0

�t �
kX
`=0

(�t � ln �)`

`!
= 0 and lim

�"1
�t �

kX
`=0

(�t � ln �)`

`!
= 1

and the last one from (5). �
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